Abstract. Motivated by generalized geometry (à la Hitchin), we discuss the integrability conditions for four natural almost complex structures on the product bundle Z × Z → M , where Z is the twistor space of a Riemannian 4-manifold M endowed with a metric connection D with skew-symmetric torsion. These structures are defined by means of the connection D and four (Kähler) complex structures on the fibres of this bundle. Their integrability conditions are interpreted in terms of Weyl geometry and this is used to supply examples satisfying the conditions. 2010 Mathematics Subject Classification 53C28; 53C15, 53D18.
Introduction
The motivation for this paper comes from generalized geometry in the sense of N. Hitchin [16] .
Recall that a generalized metric [15, 31] on a smooth manifold M is a subbundle E of T M ⊕ T * M such that the restriction to E of the metric < X + α, Y + β >= α(Y ) + β(X) is positive definite, X, Y ∈ T M , α, β ∈ T * M . Every generalized metric is determined by a positive definite metric g and a skew-symmetric 2-form Θ on M such that E = {X + ı X g + ı X Θ : X ∈ T M }. Moreover, E determines a connection on M which is metric with respect to g and whose torsion form is skew-symmetric, equal to dΘ, see [17] .
Given a generalized metric E, denote by G(E) the bundle over M whose fibre at a point p ∈ M consists of generalized complex structures J on the tangent space T p M compatible with the generalized metric E p , the fibre of E at p, in the sense that JE p ⊂ E p . The bundle G(E), called the generalized twistor space of (M, E) in [8] , admits a generalized almost complex structure J defined by means of the connection determined by E. This structure resembles the Atiyah-HitchinSinger almost complex structure on the usual twistor space [1] . The integrability condition for J (in the sense of generalized geometry) has been found in [9] in the case when dim M = 4 and Θ = 0, and in [8] in the general case. Besides the generalized almost complex structure J , the manifold G(E) admits four natural almost complex structure J m in the usual sense since G(E) is diffeomorphic to the product bundle Z ×Z → M where Z is the (usual) twistor space of the Riemannian manifold (M, g), see, for example, [8] . They are defined by means of a metric
The author is partially supported by the National Science Fund, Ministry of Education and Science of Bulgaria under contract DN 12/2. 1 connection D on M with skew-symmetric torsion and four complex structures (in fact, Kähler ones) on the fibres of Z × Z, and are not products of almost complex structures on Z. Two of these structures, denoted by J 1 and J 2 , can be considered as analogs of the Atiyah-Hitchin-Singer almost complex structure, while J 3 and J
4
correspond to the Eells-Salamon almost complex structure on Z [11] . In the this paper, we deal with the classical integrability problem for these structures. The integrability condition for the almost complex structure J 1 has been found in [9] when dim M = 4 and Θ = 0 (so D is the Levi-Civita connection of g). In the present paper, we also consider the most interesting case of an oriented four-dimensional manifold, but the connection used here has skew-symmetric torsion. In order to find the corresponding integrability condition, we briefly discuss the Atiyah-HitchinSinger almost complex structure on Z defined by means of a metric connection with skew-symmetric torsion. The integrability condition for this structure does not depend on the torsion and is (anti-) self-duality of the metric. This, suggested by certain facts, formally follows easily from a result in [10] . It is a simple observation that the almost complex structures J 3 and J 4 are never integrable. On the other hand, the integrability conditions for the restrictions of J 1 and J 2 to the connected components of Z × Z involve (anti-) self-duality of the metric and certain relations between the Ricci curvature of the Levi-Civita connection and the torsion of the given connection. The latter are interpreted in terms of Weyl geometry and this is used to supply examples of manifolds satisfying the integrability conditions.
Preliminaries
Let (M, g) be an oriented Riemannian manifold of dimension four. The metric g induces a metric on the bundle of two-vectors π : Λ 2 T M → M by the formula
the factor 1/2 being chosen in consistence with [6] .
.., 4, be the Hodge star operator. Its restriction to Λ 2 T M is an involution, thus we have the orthogonal decomposition
) is a local orthonormal frame of Λ 2 ± T M . This frame defines an orientation on Λ 2 ± T M which does not depend on the choice of the frame (E 1 , E 2 , E 3 , E 4 ) (see, for example, [7] ). We call this orientation "canonical".
For every a ∈ Λ 2 T M , define a skew-symmetric endomorphism of T π(a) M by
Denoting by G the standard metric − 1 2 T race P Q on the space of skew-symmetric endomorphisms, we have
T M is of unit length, then K a is a complex structure on the vector space T π(a) M compatible with the metric g, i.e., g-orthogonal. Conversely, the 2-vector a dual to one half of the fundamental 2-form of such a complex structure is a unit vector in Λ 2 T M . Therefore the unit sphere bundle Z of Λ 2 T M parametrizes the complex structures on the tangent spaces of M compatible with the metric g. This bundle is called the twistor space of the Riemannian manifold (M, g). Since M is oriented, the manifold Z has two connected components Z ± called the positive and the negative twistor spaces of (M, g). These are the unit sphere subbundles of Λ 2 ± T M . The bundle Z ± → M parametrizes the complex structures on the tangent spaces of M compatible with the metric and ± the orientation via the correspondence
The vertical space V σ = {V ∈ T σ Z ± : π * V = 0} of the bundle π : Z ± → M at a point σ is the tangent space to the fibre of Z ± through σ. Thus, considering T σ Z ± as a subspace of
) for every X ∈ T M and every i, j = 1, 2, 3. Therefore the connection D preserves the bundles Λ 2 ± T M and induces a metric connection on each of these bundles denoted again by D. Let σ ∈ Z ± , and let s be a local section of Z ± such that s(p) = σ where p = π(σ). Considering s as a section of Λ
± T M with respect to D is tangent to the twistor space Z ± . In this way, we have the decomposition T Z ± = H ⊕ V of the tangent bundle of Z ± into horizontal and vertical components. The horizontal and vertical parts of a tangent vector A ∈ T Z ± will be denoted by HA and VA, respectively.
For σ ∈ Z ± , the horizontal space H σ is isomorphic to the tangent space T π(σ) M via the differential π * σ . The vertical space V σ is tangent to the unit sphere in the 3-dimensional vector space (Λ 2 ± T π(σ) M, g), and we denote by J σ the standard complex structure of the unit sphere restricted to V σ . It is given by
where × is the usual vector-cross product on the 3-dimensional Euclidean space (Λ 2 ± T π(σ) M, g) endowed with its canonical orientation.
Convention. In what follow, we shall freely identify the bundle Λ 2 T M with the bundle A(T M ) of g-skew-symmetric endomorphism of T M by means of the isomorphism a → K a defined by (2) .
Using the basis (1), it is easy to check that if
In particular, K a and K b , a, b ∈ Λ ± T p M , anti-commute if and only if a and b are orthogonal. The 6-manifold Z ± admits two almost complex structures J 1 and J 2 introduced, respectively, by Atiyah-Hitchin-Singer [1] , and Eells-Salamon [11] in the case when the connection D is the Levi-Civita connection of (M, g). On a horizontal space H σ , σ ∈ Z ± , the structures J 1 and J 2 are both defined as the lift to H σ of the complex structure K σ on T π(σ) M . On a vertical space V σ , J 1 is defined to be the complex structure J σ of the fibre through σ, while J 2 is defined as the conjugate complex structure, i.e., J 2 |V σ = −J σ . Thus, for J ∈ Z ± , (3)
Suppose that D is the Levi-Civita connection ∇ of (M, g). By a result of EellsSalamon [11] , the almost complex structure J 2 is never integrable, so it does not come from a complex structure. Nevertheless, J 2 is very useful for constructing harmonic maps. The integrability condition for J 1 has been found by AtiyahHitchin-Singer [1] . To state their result, we first recall the well-known curvature decomposition in dimension four. For the curvature tensor R D of a connection D on M , we adopt the following definition:
The curvature operator R D corresponding to the curvature tensor is the endomorphism of Λ 2 T M defined by
Now, let ∇ be the Levi-Civita connection of (M, g). Denote by ρ :
and by s the scalar curvature. Then the endomorphism B : Λ 2 T M → Λ 2 T M corresponding to the traceless Ricci tensor is given by
T M be the endomorphism corresponding to the Weyl conformal tensor. Denote the restriction of W to Λ
It is well known that the curvature operator decomposes as ( [28] , see, e.g., [3,
Note that this differs from [3] by a factor 1/2 because of the factor 1/2 in our definition of the induced metric on
condition is invariant under conformal changes of the metric since the Weyl tensor is so.
Note that changing the orientation of M interchanges the roles of Λ 2 − T M and Λ 2 + T M (respectively, of Z − and Z + ), hence the roles of W − and W + . The famous Atiyah-Hitchin-Singer theorem [1] states that the almost complex structure J 1 on Z − (resp. Z + ) is integrable if and only if (M, g) is self-dual (resp. anti-self-dual).
Technical lemmas
Let D be a metric connection on (M, g), and consider the almost complex structures J n , n = 1, 2, defined on the positive twistor space Z + by means of the connection D. Denote by N n the Nijenhuis tensor of the almost complex structure
Let T be the torsion tensor of the connection D.
Corollary 1. The almost complex structure J 2 is never integrable.
4. Integrability of the Atiyah-Hitchin-Singer almost complex structure on the twistor spaces of a Riemannian 4-manifold with skew-symmetric torsion
Suppose that the metric connection D has (totally) skew-symmetric torsion, i.e., the trilinear form
is skew-symmetric. Let ∇ be the Levi-Civita connection of (M, g). Then
The difference between the connections D and ∇ satisfies the following identity.
Lemma 2. If the torsion T is skew-symmetric, then for every J ∈ Z + and every
Then it is easy to check that
Now, it follows from [10, Lemma 2.4 ] that the connections D and ∇ define the same almost complex structure on the twistor space. Thus, by the Atiyah-HitchinSinger theorem [1], we have:
) be an oriented Riemannian 4-manifold endowed with a metric connection with skew-symmetric torsion. The Atiyah-Hitchin-Singer almost complex structure J 1 on the twistor space Z + is integrable if and only if the metric g is anti-self-dual.
Remark. This result can also be proved by means of Lemmas 1 and 2, and the following relation between the curvature tensors R D and R ∇ of the connections D and ∇:
where X, Y, Z, U ∈ T p M and {E 1 , ..., E 4 } is an orthonormal basis of T p M .
Integrability of natural almost complex structures on a product twistor space
Every metric connection D on (M, g) induces a metric connection (again denoted by D) on the product bundle π : 
Remark. In order to define a complex structure on the horizontal spaces H J , J = (J 1 , J 2 ), we can use the structure J 2 instead of J 1 . Then we get four more almost complex structures on Z × Z. But, by symmetry, they do not differ essentially from the structures J m , m = 1, ..., 4.
In this section, we shall find the integrability conditions for the restrictions of J m to the four connected components of Z × Z, the subbundles Z ± × Z ± , under the assumption that the torsion of D is skew-symmetric.
Denote by N m the Nijenhuis tensor of the almost complex structure J m . Then we have the following analog of Lemma 1 (with a similar proof).
Corollary 2. The restrictions of the almost complex structures J m , m = 3, 4, to the connected components of Z × Z are not integrable.
In order to determine the integrability conditions for J 1 and J 2 , we need the following.
Notation. The 1-form * T will be denoted by τ .
Clearly, the form τ uniquely determines the 3-form T , hence the connection D.
For a given orthonormal frame E 1 , ..., E 4 , it is convenient to set
Under this notation, we have
It follows that
Theorem 2. The restriction of the almost complex structure J m , m = 1 or 2, to Z + × Z + (respectively, Z − × Z − ) is integrable if and only if the metric g is antiself-dual (resp. self-dual) with scalar curvature s = 3 2 ||τ || 2 + 3δτ and the 2-form dτ is anti-self-dual (resp. self-dual).
Proof. According to Proposition 1 and Lemma 2, the almost complex structure J m , m = 1 or 2, on Z + × Z + is integrable if and only for every J = (J 1 , J 2 ) ∈ Z + × Z + and every X, Y, Z, U ∈ T p M , p = π(J),
where the minus sign corresponds to the case m = i = 2.
By Lemmas 1 and 2, the latter identity for i = 1 is the integrability condition for the Atiyah-Hitchin-Singer almost complex structure on Z + . Now, we show that the identity (9) with i = 2 is equivalent to
for every (J 1 , J 2 ) and every X, Y, Z, U , m = 1, 2. Let J ∈ Z + be a complex structure on a tangent space T p M . Applying (11) with (J 1 , J 2 ) = (J, J) and (J 1 , J 2 ) = (J, −J), we see that in the both cases m = 1 and m = 2
for every X, Y, Z, U ∈ T p M . Let (E 1 , ..., E 4 ) be an oriented orthonormal basis of T p M , and define s i = s + i by means of this basis. (12), we get the identity g(R D (s 2 ), s 2 ) = 0; for (Z, U ) = (E 1 , E 4 ), we obtain g(R D (s 2 ), s 3 ) = 0. Also, identity (12) with J = s 2 , (X, Y ) = (E 1 , E 3 ), and (Z, U ) = (E 1 , E 2 ) implies g(R D (s 2 ), s 1 ) = 0. Thus,
Applying the latter identities for the bases (E 1 , E 4 , E 2 , E 3 ) and (E 1 , E 3 , E 4 , E 2 ), we see that
Identities (13) and (14) clearly imply (10) . This shows that (10) follows from (11) . In order to show that (10) implies (11), it is enough to note that if J ∈ Z + and X, Y ∈ T π(J) M , then the 2-vector X ∧ Y − JX ∧ JY ∈ Λ [12] . In fact, using (6), (7) and (8), we compute
A similar computation gives
Replacing the basis (E 1 , E 2 , E 2 , E 4 ) by (E 1 , E 3 , E 4 , E 2 ) and (E 1 , E 4 , E 2 , E 3 ), we see that
Now, suppose that the structure J m is integrable, m = 1 or 2. Then the manifold (M, g) is anti-self-dual by Theorem 1, and identities (10), (15) , and (5) imply
The latter identity means that * dτ = −dτ , i.e., the 2-form dτ is anti-self-dual. Conversely, suppose that identities (16) are satisfied and the metric g is anti-selfdual. Then (15) implies (10), hence the almost complex structure J m is integrable on Z + × Z + .
Changing the orientation of M , we obtain the integrability condition for the restriction of J m to Z − × Z − .
Remarks 1. In the case when τ = 0, i.e., D is the Levi-Civita connection, Theorem 2 coincides with [9, Theorem 2 (a) and (b)] 2. As is well-known, if M is compact, the condition that dτ is anti-self-dual implies dτ = 0 by integrating the identity d(dτ ∧ τ ) = −dτ ∧ ⋆dτ = −||dτ || 2 vol.
3. The identity
can be interpreted in terms of the Weyl geometry. Recall that a Weyl connection on a conformal n-dimensional manifold is a torsion-free connection ∇ w which preserves the conformal structure. This means that for every Riemannian metric g in the conformal class there exists a 1-form θ g such that ∇ w g = θ g ⊗ g; obviously, such a form is unique. If ∇ g is the Levi-Civita connection of the metric g,
where θ ♯ g is the dual vector field of the form θ g with respect to the metric g, g(θ ♯ , Z) = θ g (Z). If g = e f g is another Riemannian metric in the conformal class, where f is a smooth function, θ g = df + θ g . Hence the condition dθ g = 0 does not depend on the choice of the metric g. In this case, we say that ∇ w determines a closed Weyl structure. If dθ g = 0, then locally θ g = dψ for a smooth function ψ, so ∇ w concides locally with the Levi-Civita connection of the metric e −ψ g. The condition that the form θ g is exact also does not depend on the choice of g, and a Weyl structure with exact θ g is called exact.
It follows from (18) that the Ricci tensors Ric w and Ric g of the connections ∇ w and ∇ g are related by
where the norm and the codifferential are taken with respect to the metric g. Hence the symmetric part
Therefore, if s g is the scalar curvature of g, the trace of Ric sym with respect to g is
Clearly, if g = e f g, then s [5, 14] . Now, consider the conformal structure on the Riemannian 4-manifold M determined by the metric g. Define a connection ∇ w on M by (18) with θ g = τ . Then ∇ w is a Weyl connection and the identity (17) is equivalent to the vanishing of the conformal scalar curvature.
As is well-known, the Weyl tensor is conformally invariant, hence so are the conditions W + = 0 and W − = 0. Therefore, if (M, g, τ ) satisfies the conditions of Theorem 2 and f is a smooth function on M , then (M, e f g, df + τ ) also satisfies these conditions.
As we have noticed, dτ = 0 in the case of a compact manifold M . Suppose that τ = df for a smooth function f on M . Let δ be the codifferential with respect to the metric g = e −2f g. Using the well-known formula δτ = e 2f (δτ + 2τ (grad f )), we see that if τ satisfies (17),
Hence, if µ is the volume form with respect to the metric g,
Also, if µ is the volume form with respect to the metric g, it follows from (17) that According to [20, Proposition 6.4] , a Hermitian surface is anti-self-dual if and only if s = 3s * and the 2-form dθ is anti-self-dual. Therefore the Lee form of an antiself-dual Hermitian surface satisfies the conditions of Theorem 2 with τ = θ. Apparently, if the surface is Kähler, θ = 0. Note that, as is well-known, a Kähler surface is anti-self-dual if and only if it is scalar-flat. In particular, by the famous Yau's solution of the Calabi conjecture, every compact Kähler surface with vanishing first Chern class admits an anti-self-dual Kähler metric. There are many other constructions of scalar-flat Kähler surfaces and we refer to LeBrun's survey paper [23] and the literature therein, as well as to [21, 19, 27] , for results in this area. The standard Hermitian structure on the Hopf surface S 3 × S 1 is non-Kähler, conformally flat (W + = W − = 0) and locally conformally Kähler (dθ = 0), so it satisfies the conditions of Theorem 2. C. LeBrun [22] has constructed non-Kähler anti-self-dual Hermitian metrics on the blow-ups (S 3 × S 1 )♯ nCP 2 of the Hopf surface. I. Kim [18] has shown the existence of anti-self-dual strictly almost Kähler structures on
, where Σ is a compact Riemann surface of genus ≥ 2 and T 2 is the torus.
2. Following [29] , consider a real 4-dimensional vector space V oriented by a basis (E 1 , ..., E 4 ). For λ ∈ R, let g λ be the Lie algebra on V defined by the relations
and the other brackets equal zero. It is easy to check that this algebra is solvable. It is shown in [29] that g λ and g λ ′ are not isomorphic if λ ′ = ±λ. The algebras g λ and g −λ are isomorphic by the map which just changes the signs of E 3 and E 4 . Let G λ be the simply connected Lie group corresponding to g λ . This group is not compact. Otherwise, it would admit an inner product such that all endomorphisms ad X , X ∈ g λ , were skew-symmetric. Hence E 4 would have zero length since ad E1 (E 4 ) = 2E 4 , a contradiction. Note also that T race ad E1 = 0, so the group G λ is not unimodular, hence it does not admit a co-compact lattice.
For k > 0, let g k be the left invariant metric on G λ for which (
is an orthonormal basis. It is proved in [29] that the Riemannian manifolds (G λ , g k ) and (G λ ′ , g k ′ ) are isometric if and only if k = k ′ . Hence the curvature of (G λ , g k ) does not depend on λ. According to [29] , the Ricci tensor of g k is given by (21)
and Ric(E i , E j ) = 0 for i = j. Hence the scalar curvature of g k is
Also, the two halves of the Weyl operator are computed in [29] . The result there shows that W + = 0 if and only if k ∈ {1, 2} and, for these values of k, W − = 0. The orientation of G λ is, of course, just a matter of choice and changing the orientation interchanges the roles of W + and W − . It is proved in [29] that if G is an oriented four-dimensional Lie group admitting a left invariant Riemannian metric g such that W + = 0 and W − = 0, then the Lie algebra of G is isomorphic to g λ for some λ ≥ 0 and g is locally homothetic to either g 1 or g 2 .
Extend (E 1 , ..., E 4 ) to a frame of left-invariant vector fields on G λ . Let (α 1 , ..., α 4 ) be the dual frame to (E 1 , ..., E 4 ). Then Theorem 3. The almost complex structure J m on Z + ×Z − (resp. Z − ×Z + ), m = 1 or 2, is integrable if and only if the metric g is anti-self-dual (resp. self-dual) and its Ricci tensor ρ is given by
where S stands for the symmetrization of a bilinear form.
Proof. By Proposition 1 and Lemma 2, the almost complex structure J m on Z + ×Z − is integrable if and only the metric g is anti-self-dual and for every J = (
Let (E 1 , ..., E 4 ) be an oriented orthonormal basis of a tangent space T p M , and define {s
. Indeed, if the latter identity holds, the identity (22) holds as well since
Conversely, suppose that (22) is satisfied. Then this identity with
. Replacing the basis (E 1 , E 2 , E 3 , E 4 ) by (E 1 , E 3 , E 4 , E 2 ) and (E 1 , E 4 , E 2 , E 3 ), we get from the identity above
2 ) = 0. Again replacing the basis (E 1 , E 2 , E 3 , E 4 ) by the bases (E 1 , E 3 , E 4 , E 2 ) and (E 1 , E 4 , E 2 , E 3 ), we see that (25) g(R D (s
Thus, taking into account (8), we obtain (27) 
where τ i = τ (E i ), i = 1, .., 4. Applying the latter identity for the bases (E 1 , E 3 , E 4 , E 2 ) and (E 1 , E 4 , E 2 , E 3 ), we get 0 = 4
For a bilinear form α, let (Sα)(X,
] be the symmetrization of α. Then the latter identity can be written as (28) ρ
If follows from (28) and (29) that
(2s + 2δτ + ||τ || 2 )g (E i , E j ), i, j = 1, ..., 4.
Therefore, for every X, Y ∈ T M , Conversely, suppose that the Ricci tensor of g is given by (30) . Then it follows from (28) that g(R D (s can also be interpreted in terms of the Weyl geometry. Recall that a n-dimensional conformal manifold with a Weyl connection ∇ w w is said to be Einstein-Weyl if the symmetric part Ric sym of the Ricci tensor of ∇ w is proportional to one (hence to every) metric g in the conformal class. The proportionality factor is clearly s w g /n, where s w g is the conformal scalar curvature with respect to g. Consider the conformal structure on the Riemannian 4-manifold M determined by the metric g, and define a connection ∇ w on M by (18) with θ g = −τ . Then it follows from (19) and (20) that identity (31) is equivalent to ∇ w being EinsteinWeyl. Hence, if (M, g, τ ) satisfies the conditions of Theorem 3 and f is a smooth function on M , then (M, e f g, −df + τ ) also satisfies these conditions. It has been proved by P. Gauduchon [14] and H. Pedersen -A. Swann [25] that an Einstein-Weyl structure on a compact self-dual manifold is closed. Thus, we have the following. A compact self-dual Einstein-Weyl 4-manifold is isometric to S 4 , CP 2 , or an Einstein manifold of negative scalar curvature, or is covered by a flat torus, a K3-surface or a coordinate quaternionic Hopf surface. Thus, these manifolds satisfy the conditions of Theorem 3. We refer to [5] and the literature therein for details. 2. Consider the Lie group G λ with the (anti-) self-dual metric g k , k = 1, 2, defined above. Then a left-invariant 1-form τ satisfies identity (31) if and only if τ = 0 and k = 2 (i.e., the metric g 2 is Einstein). 3. Other non-compact examples of Einstein-Weyl manifolds can be found in [4] (see also [5] ).
